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Abstract
We show that the exact discrete analogue of Schro¨odinger equation can be
derived naturally from the Hamiltonian operator of a Schro¨dinger field the-
ory by using the discrete Fourier transform that transforms the operator from
momentum representation into position representation. The standard central
difference equation that is often used as the discretized Schro¨dinger equation
actually describes a different theory since it is derived from a different Hamilto-
nian operator. The commutator relation between the position and momentum
operators in discrete space is also derived and found to be different from the
conventional commutator relation in continuous space. A comparison between
the two discretization formulas is made by numerically studying the transmis-
sion probability for a wave packet passing through a square potential barrier in
one dimensional space. Both discretization formulas are shown to give sensible
and accurate numerical results as compared to theoretical calculation, though it
takes more computation time when using the exact discretization formula. The
average wave number k0 of the incident wave packet must satisfy |k0`| < 0.35,
where ` is the lattice spacing in position space, in order to obtain an accurate
numerical result by using the standard central difference formula.
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1. Introduction
In quantum mechanics the time-dependent Schro¨dinger equation is a second
order linear partial differential equation
ih¯
∂
∂t
Ψ(x, t) = − h¯
2
2M
∇2Ψ(x, t) + U(x)Ψ(x, t), (1)
where the single-particle wavefunction Ψ(x, t) is a function of position x and
time t, U(x) denotes the potential energy, and M is particle’s mass. Though
the Schrodinger equation has a specific form in terms of continuous variables x
and t, there are different discrete analogues of the equation [1, 2, 3]. For example,
by using the standard central difference formula for the Laplace operator
∇2Ψ→
3∑
a=1
1
`2
{Ψ(x+ aˆ`, t) + Ψ(x− aˆ`, t)− 2Ψ(x, t)}, (2)
a possible discretization of Eq.(1) is
ih¯
∂Ψ(x, t)
∂t
= − h¯
2
2M`2
3∑
a=1
{Ψ(x+ aˆ`, t) + Ψ(x− aˆ`, t)− 2Ψ(x, t)}+ U(x)Ψ(x, t).
(3)
Here Ψ(x, t) is defined only on the discrete position x = `(1ˆn1 + 2ˆn2 + 3ˆn3)
(n1, n2, n3 are integers), aˆ (a = 1, 2, 3) denote the unit base vectors of the5
Cartesian coordinate system, and ` is the lattice spacing between the nearest-
neighboring spatial sites. Eq.(3) cannot be thought as an exact discrete analog
of Eq.(1) since it has different dispersion relation ε(k) than that in the continu-
ous Schro¨dinger equation with zero-potential U(x) = 0 [2]. In other words, the
theory described by (3) is different from the theory described by the exact dis-10
crete analogue of the Schro¨dinger equation since both theories do have different
Hamiltonian operators in discrete space. They are equal to each other only in
the zero-spacing limit `→ 0.
An exact discretization of Schrodinger equation in one-dimensional space
2
has been derived directly from the continuous Schrodinger equation [3]
ih¯
dΨ(x, t)
dt
=
h¯2
M`2
{pi
2
6
Ψ(x, t) +
∞∑
m=−∞
m6=0
(−1)m
m2
Ψ(x−m`, t)}+ U(x)Ψ(x, t).
(4)
Different from the standard central difference formula, the exact discretized
Schro¨dinger equation has difference of integer order that is represented by infi-15
nite series, and a long-range interaction is suggested in the discretized equation.
In this paper, we show that a natural way for the derivation of the ex-
act discretized Schro¨dinger equation is from the Hamiltonian operator of the
Schro¨dinger field theory. It is known that the continuous Schro¨dinger equa-
tion that describes the time evolution of wavefunction can be derived from the
following equation
ih¯
∂
∂t
|Ψ〉 = H|Ψ〉, (5)
where the Hamiltonian operator H plays the role of the generator of time evo-
lution. The so-called wavefunction Ψ(x, t) is the inner product between the
position eigenket |x〉 and the quantum state |Ψ〉, Ψ(x, t) = 〈x|Ψ〉. Once the
Hamiltonian operator is given, by taking the inner product on both sides of (5),
the Schro¨dinger equation in (1) is obtained. Following the same line of thought,
the exact discretized Schro¨dinger equation could also be derived from the Hamil-
tonian operator of the quantum system in discrete space. For example, consider
a Schro¨dinger field theory with the Lagrangian density [4]
L = ih¯
2
{
Ψ∗(x, t)
∂
∂t
Ψ(x, t)− [ ∂
∂t
Ψ∗(x, t)]Ψ(x, t)
}
− h¯
2
2m
∇Ψ∗(x, t) · ∇Ψ(x, t)
+ U(x)Ψ∗(x, t)Ψ(x, t), (6)
the continuous Schro¨dinger equation is derived as the equation of motion in
the theory. Without the self interaction term (ie., U(x)=0), after the second
quantization of the free theory in discrete space, the free Hamiltonian operator
3
is diagonal in the discrete momentum space
H0 =
∑
k
εka
†
kak, (7)
where εk = h¯
2k2/2M denotes the energy for a free particle with momentum h¯k,
and a†k and ak are the creation and the annihilation operator that satisfy the
quantization relation
[ak, a
†
k′ ] = δkk′ . (8)
Here the momentum vector k takes only discrete values. Once the free Hamilto-
nian operator H0 is obtained in momentum representation, it is straightforward
to rewrite H0 in position representation by using discrete Fourier transforms.
Obviously, H0 will not be diagonal in position representation due to Heisen-
berg’s uncertainty relation, thus a spatially localized particle has a chance to
hop to other locations instead of staying at the same position in the free the-
ory. With the presence of the self interaction U(x), the Hamiltonian operator
becomes
H = H0 +
∑
x
U(x)a†xax. (9)
Here the potential energy part of H is diagonal in position representation. Once
the Hamiltonian operator H in position representation is obtained, the exact
discrete analogue of Schro¨dinger equation can be derived from (5) by
ih¯
∂
∂t
〈x|Ψ〉 = 〈x|H|Ψ〉. (10)
In the next section we show that the exact discretization of Schrodinger
equation can be obtained by transforming H0 from momentum representation
into position representation. In the third section, we discuss the discrete version
of the commutator relation [Xˆ, Pˆ ] between position operator Xˆ and momentum20
operator Pˆ . Next we compare the exact discretized Schro¨dinger equation with
the standard central difference formula by numerically studying the problem of
a wave packet passing through a potential barrier. In the last section we give
our conclusion.
4
Figure 1: The three-dimensional discrete position space with a square lattice structure. The
dimension in each direction is L = N`.
2. Derivation of the exact discretized Schrodinger equation25
Consider a discrete position space with a square lattice structure that is
described by
x = `(1ˆn1 + 2ˆn2 + 3ˆn3), −N
2
≤ n1, n2, n3 ≤ N
2
− 1. (11)
Here x denotes the position of the spatial lattice sites, n1, n2, and n3 are in-
tegers, aˆ (a = 1, 2, 3) denote the unit base vectors of the Cartesian coordinate
system, ` is the lattice spacing, and N is a large even number. As shown in
Fig.1, the three-dimensional discrete position space can be viewed as a cube
with side length L = N` and total volume L3. Given a free Schro¨dinger field
theory in the discrete space with Hamiltonian H0, the operator H0 is diagonal
in momentum space and has the form as described in (7). The diagonal form
of H0 in momentum space is indeed a direct consequence of the translational
symmetry in position space in the free theory. In the free theory, a normalized
single particle state with momentum k is
|k〉 = a†k|0〉, (12)
5
where |0〉 denotes the vacuum state, and the momentum k takes only discrete
values
k =
2pi
L
(m1,m2,m3), −N
2
≤ m1,m2,m3 ≤ N
2
− 1. (13)
The integers m1,m2 and m3 range from −N/2 to N/2 − 1. The discrete mo-
mentum space also has a square lattice structure but with lattice spacing 2pi/L.
To transform Hamiltonian from momentum representation into position rep-
resentation, we define the field operator ax and its hermitian conjugate a
†
x as
the discrete Fourier transforms of ak and a
†
k
ax =
1√
N3
∑
k
ei
~k·~xak, (14)
a†x =
1√
N3
∑
k
e−i~k·~xa†k. (15)
Here the discrete momentum k is defined in (13), and x denotes the position
of lattice sites in the three-dimensional discrete position space. From the quan-
tization relation in (8), the field operators ax and a
†
x are shown to satisfy the
commutator relation
[ax, a
†
x′ ] = δxx′ . (16)
The commutator relation in (16) thus allows us to define the position eigenkets
as
|x〉 = a†x|0〉. (17)
The position eigenkets are normalized states, like the momentum states |k〉, can
also be single-particle states in the Schro¨dinger field theory in the discrete space.
From (14) and (15), ak and a
†
k can be written as linear combinations of ax and
a†x
ak =
1√
N3
∑
x
e−i~k·~xax, (18)
a†k =
1√
N3
∑
x
ei
~k·~xa†x. (19)
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Taking Eq.s (18) and (19) into H0 in (7), we have
H0 =
1
N3
∑
x
∑
k
εka
†
xax +
1
N3
∑
x,x′
x 6=x′
∑
k
εke
i~k·(~x−~x′)a†xax′ . (20)
The form of H0 in (20) can be simplified further if the single-particle energy εk is
known. In the Schro¨dinger field theory, εk = h¯
2k2/2M , the sum (1/N3)
∑
k εk
in (20) is found to be
h¯2
2MN3
∑
k
k2 =
3h¯2
2MN
(
2pi
L
)2 N/2−1∑
n=−N/2
n2 =
h¯2pi2
2M`2
(1 +
2
N2
)
−→ h¯
2pi2
2M`2
, as N →∞. (21)
Using the fact that ∑
ka
eika(n−n
′)` = Nδnn′ , a = 1, 2, 3. (22)
where ka is the a-th component of wave vector k, n and n
′ are integers. The
other sum (1/2MN3)
∑
k k
2ei
~k·(~x−~x′) in (20) with nonzero spatial separation
(~x − ~x′) is found be nonzero only when (~x − ~x′) lies in either direction 1ˆ, 2ˆ, or
3ˆ. Let assume that ~x− ~x′ = 1ˆm` (m 6= 0), then the sum is
1
2MN3
∑
k
k2ei
~k·(~x−~x′) =
2pi2
MNL2
N/2−1∑
n=−N/2
n2(ei2pim/N )n
=
2pi2
MN3`2
{(−1)mN
2
4
+ 2
N/2−1∑
n=1
n2 cos (2pimn/N)}
=
(−1)mpi2
MN2`2 sin2(mpi/N)
, m 6= 0. (23)
In the N →∞ limit, when ~x = ~x′ + aˆm` (a = 1, 2, 3), the sum in (23) becomes
1
2MN3
∑
k
k2ei
~k·(~x−~x′) −→ (−1)
m
M`2m2
. (24)
Finally, from Eq.s (20, 21, 24), the free Hamiltonian operator in the large N
limit in position representation is
H0 =
h¯2
M`2
{pi
2
2
1 +
∑
x
∞∑
m=−∞
m 6=0
3∑
a=1
(−1)m
m2
a†x+aˆm`ax}. (25)
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Here 1 =
∑
x a
†
xax denotes the identity operator. H0 is non-diagonal in position
representation with the presence of the hopping interaction a†x+aˆm`ax. The hop-
ping interaction terms are responsible for the position-momentum uncertainty
relation ∆x∆p ≥ h¯/2. With the hopping terms, a spatially localized particle
can hop to other places rather than just staying at the same location. Turning
on potential energy U(x), the Hamiltonian operator for the Schro¨dinger field
theory is
H =
h¯2
M`2
{pi
2
2
1 +
∑
x
∞∑
m=−∞
m 6=0
3∑
a=1
(−1)m
m2
a†x+aˆm`ax}+
∑
x
U(x)a†xax. (26)
Similarly, in two dimensional and one dimensional discrete space, the Hamilto-
nian operators for the corresponding Schro¨dinger field theories are
H2dim =
h¯2
M`2
{pi
2
3
1 +
∑
x
∞∑
m=−∞
m6=0
2∑
a=1
(−1)m
m2
a†x+aˆm`ax}+
∑
x
U(x)a†xax, (27)
H1dim =
h¯2
M`2
{pi
2
6
1 +
∑
x
∞∑
m=−∞
m6=0
(−1)m
m2
a†x+m`ax}+
∑
x
U(x)a†xax. (28)
The exact discrete analog of Schrodinger equation is derived as follows. Let’s
take the one-dimensional Schro¨dinger theory as an example. Consider a single-
particle quantum state |Ψ〉 in position representation
|Ψ〉 =
∑
x
Ψ(x, t)a†x|0〉 =
∑
x
Ψ(x, t)|x〉. (29)
From (5) and (28), it has∑
x
ih¯
∂Ψ(x, t)
∂t
|x〉
=
h¯2
M`2
{pi
2
6
∑
x
Ψ(x, t)|x〉+
∑
x
∞∑
m=−∞
m 6=0
(−1)m
m2
Ψ(x, t)|x+m`〉}+
∑
x
U(x)Ψ(x, t)|x〉.
(30)
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Comparing the coefficient of |x〉 on both sides of the equation (30), we get
ih¯
∂Ψ(x, t)
∂t
=
h¯2
M`2
{pi
2
6
Ψ(x, t) +
∞∑
m=−∞
m 6=0
(−1)m
m2
Ψ(x−m`, t)}+ U(x)Ψ(x, t).
(31)
The result in (31) is indeed the exact discrete analogue of Schro¨dinger equation
given in (3). Using the identity
∞∑
m=1
(−1)m/m2 = −pi
2
12
, (32)
the equation in (31) can be further written as
ih¯
∂Ψ(x, t)
∂t
=
h¯2
M
∞∑
m=1
{ (−1)
m
m2`2
[Ψ(x+m`, t) + Ψ(x−m`, t)− 2Ψ(x, t)]}+ U(x)Ψ(x, t).
(33)
Eq.(33) shows that the second order differential operation ∂2Ψ(x, t)/∂x2 can be
replaced by the infinite difference
∂2Ψ(x, t)
∂x2
→ −2
∞∑
m=1
(−1)m
m2`2
[Ψ(x+m`, t) + Ψ(x−m`, t)− 2Ψ(x, t)], (34)
in the discrete version of quantum mechanics. In two (D = 2) or three (D = 3)
dimensional space, the exact discretized Schro¨dinger equation is
ih¯
∂Ψ(x, t)
∂t
=
h¯2
M
D∑
a=1
∞∑
m=1
{ (−1)
m
m2`2
[Ψ(x+ aˆm`, t) + Ψ(x− aˆm`, t)− 2Ψ(x, t)]}+ U(x)Ψ(x, t).
(35)
Now we know that Eq.(35) is an exact analogue of the continuous Schro¨dinger
equation since it is derived directly from the Hamiltonian operator of the theory
in discrete space. The standard central difference equation given in (3) is only
an approximate. In fact, Eq.(3) actually describes another quantum theory that
9
has the Hamiltonian operator
H = H0 +
∑
x
U(x)a†xax, (36)
with
H0 =
3h¯2
M`2
{1− 1
6
∑
x
3∑
b=1
(a†
x+bˆ`
ax + a
†
x−bˆ`ax)} (37)
=
3h¯2
M`2
∑
k
[1− 1
3
3∑
b=1
cos(kb`)]a
†
kak. (38)
Obviously, the Hamiltonian operator given in (36, 37, 38) is different from the
Hamiltonian operator given in (26). The dispersion relation εk in (38)
εk =
3h¯2
M`2
(1− 1
3
3∑
b=1
cos(kb`)), (39)
is effectively the same dispersion relation given in [2]. It differs from the free
particle energy h¯2k2/2M by less than one percent if |kb`| < 0.35. The two
Hamiltonian operators indeed describe different quantum theories in discrete30
space. When |kb`| < 0.35 is satisfied, the theory described by the Hamiltonian
in (38) could be a good approximation of the theory that is described by the
Hamiltonian in (7). They are equal to each other only in the `→ 0 limit.
3. Discrete analogue of canonical quantization relation
In Schrodinger field theory in discrete space, the position and momentum
operators in bˆ-direction (b = 1, 2, 3) are defined as
Pˆb =
∑
k
h¯kba
†
kak, b = 1, 2, 3. (40)
Xˆb =
∑
x
xba
†
xax, b = 1, 2, 3. (41)
With the definition of momentum operator, a position eigenstate |x0〉 will have
a non-zero mean value of Pˆb
〈x0|Pˆb|x0〉 = − h¯pi
L
. (42)
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It is due to the asymmetric range of kb
kb =
2pi
L
nb, nb =
−N
2
,
−N
2
+ 1, ...,
N
2
− 1. (43)
The non-zero mean value can be removed either by removing kb = −pi/` from
the allowable values of kb or by taking the limit L→∞. Similarly, a momentum
state |k0〉 also has a non-zero mean 〈k0|Xˆb|k0〉 = −`/2 due to the asymmetry
of the range of xb. It can also be removed either by removing xb = −L/2
from the allowable eigenvalues of Xˆb or by taking the ` → 0 limit. In position
representation, the momentum operator becomes
Pˆb =
h¯
N3
∑
x,y
∑
k
kbe
i~k·(~x−~y)a†xay
=
h¯
N3
{
∑
x
∑
k
kba
†
xax +
∑
k
∑
x,y
x 6=y
kbe
i~k·(~x−~y)a†xay}
=− h¯pi
L
{
∑
x
∑
m
(−1)ma†
x+bˆm`
ax + i
∑
x
∑
m6=0
(−1)m cot(mpi
N
)a†
x+bˆm`
ax}.
(44)
The first part of momentum operator in (44)
− h¯pi
L
∑
x
∑
m
(−1)ma†
x+bˆm`
ax (45)
is also due to the asymmetry of the range of kb. It disappears if a symmetric
momentum operator is defined
Pˆb =
∑
k
kb 6=−pi/`
h¯kba
†
kak, b = 1, 2, 3. (46)
For spatially smooth wavefunction Ψ(x, t) the first part of Pˆb has a negligible
contribution to 〈x|Pˆb|Ψ〉 since (−1)mΨ(x− bˆm`, t) oscillates extremely rapidly
in space as m increases
〈x| h¯pi
L
∑
x′
∑
m
(−1)ma†
x′+bˆm`
ax′ |Ψ〉 = h¯pi
L
∑
m
(−1)mΨ(x− bˆm`, t) 1. (47)
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In the
√
N`→∞ limit
|〈x| h¯pi
L
∑
x′
∑
m
(−1)ma†
x′+bˆm`
ax′ |Ψ〉| ≤ h¯pi
L
∑
m
|Ψ(x− bˆm`, t)| ≤ h¯pi√
N`
−→ 0.
(48)
Here Ψ(x, t) is assumed to be a normalized wavefunction,
∑
x |Ψ(x, t)|2 = 1,
so that
∑
m |Ψ(x − bˆm`, t)| ≤
√
N . Therefore, in the
√
N` → ∞ limit for any
normalized quantum state |Ψ〉, the exact discrete analogue of the differential
operation becomes [3, 5]
i
h¯
〈x|Pˆb|Ψ〉 = ∂Ψ(x, t)
∂xb
⇒
∞∑
m=−∞
m 6=0
(−1)m
m`
Ψ(x+ bˆm`, t). (49)
The commutator relation between Xˆa and Pˆb is found in a similar way. From
(40) and (41),
[Xˆa, Pˆb] = h¯
∑
x
∑
k
xakb[a
†
xax, a
†
kak]
=
h¯
N3
∑
x,x′
∑
k
kb(xa − x′a)ei~k·(~x−~x
′)a†xax′ . (50)
The result in (50) is not zero only when a = b. Without loss of generality, let’s
consider the case that a = b = 1. Using
∑
k
k1e
ik1(x1−x′1) =
2pi
L
N/2−1∑
n=−N/2
nei2pinm/N = (−1)m+1pi
`
(1 + i cot(
pim
N
)), (51)
where k1 = 2pin/L and x1 − x′1 = m` 6= 0, the commutator [Xˆ1, Pˆ1] is
[Xˆ1, Pˆ1] = −h¯
∑
x
∑
m6=0
(−1)m(pim
N
)(1 + i cot(
pim
N
))a†xax−1ˆm`.
= ih¯
∑
x
a†xax − h¯
∑
x
∑
m
(−1)m(pim
N
)(1 + i cot(
pim
N
))a†xax−1ˆm`. (52)
Here the integer m ranges from −N/2 ≤ (x1/`−n) ≤ N/2− 1. From the above
results, we get the commutator relation
[Xˆa, Pˆb] = ih¯δab1− h¯δab
∑
x
∑
m
(−1)m(pim
N
)(1 + i cot(
pim
N
))a†xax−aˆm`. (53)
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The commutator relation shown in (53) differs from the conventional quanti-35
zation relation [Xˆa, Pˆb] = ih¯δab1 in continuous space. Since for a Schro¨dinger
theory that is defined on a discrete space with finite number of lattice sites
(the total number of sites is N3), all momentum eigenstates |k〉 and position
eigenstates |x〉 are normalized states. This means that all |k〉 and |x〉 eigen-
kets can be used as the single-particle quantum states in the theory if rela-40
tivistic energy is allowed (For highly localized state |Ψ〉 = |x〉, the particle
state has energy 〈Ψ|H|Ψ〉 = pi2h¯2/2M`2  Mc2). Thus, the relations that
〈k|[Xˆa, Pˆb]|k〉 = 0 = 〈x|[Xˆa, Pˆb]|x〉 help to explain why the conventional com-
mutator relation [Xˆa, Pˆb] = ih¯δab1 cannot be correct in discrete space.
When the commutator acts upon a quantum state |ψ〉 = ∑x Ψ(x, t)|x〉, it
gives
〈x|[Xˆa, Pˆb]|Ψ〉 = h¯δab{iΨ(x, t)−
∑
m
(−1)m(pim
N
)(1 + i cot(
pim
N
))Ψ(x+ aˆm`, t)}.
(54)
The infinite sum in (54) has extremely small contribution when the normalized
wavefunction Ψ(x, t) is a localized and relatively smooth function in position
space. In the situation, (−1)m(pimN )(1 + i cot(pimN ))Ψ(x + aˆm`, t) is not only a
finite localized function but also oscillates very rapidly in space. So, in the limit
that N  1 and `→ 0,∑
m
(−1)m(pim
N
)(1 + i cot(
pim
N
))Ψ(x+ aˆm`, t) −→ 0. (55)
Thus in the continuous limit, for any quantum state |Ψ〉 with a localized and
relatively smooth wavefunction, the conventional commutator relation holds
〈x|[Xˆa, Pˆb]|Ψ〉 = ih¯δabΨ(x, t). (56)
4. The exact discretization versus the standard central difference45
equation
The problems of a Gaussian wave packet passing through one or two potential
barriers have been studied either theoretically or numerically [6, 7]. In the paper
13
a comparison between the exact discrete analogue of Schro¨dinger equation and
the standard central difference equation is made by numerically studying the
transmission probability for a Gaussian wave packet passing through a square
potential barrier in one dimensional space. We assume the initial wavefunction
for a particle to be a Gaussian wave packet with its center located at x0
Ψ(x, t = 0) =
(
1√
2piσ
)1/2
exp[− (x− x0)
2
4σ2
+ ik0(x− x0)]. (57)
Here σ is the standard deviation of particle’s probability distribution at time
t = 0. The initial wave packet Ψ(x, 0) actually consists of many plane waves
with wave numbers k around k0 (k0 > 0)
Ψ(x, 0) =
1√
2pi
∫
dkΦ(k)eik(x−x0), (58)
where Φ(k) is
Φ(k) =
(
2σ2
pi
)1/4
exp[−σ2(k − k0)2]. (59)
Since Φ(k) is symmetric about k0, the average energy for the wave packet is
thus E0 = h¯
2k20/2M . The wavefunction at a later time is obtained by solving
Schro¨dinger equation. Using the exact discretized Schro¨dinger equation in (35),
the wave function Ψ(x, t+ ∆t) at a later time t+ ∆t can be obtained from the
same wavefunction at the previous time t
Ψ(x, t+ ∆t) = Ψ(x, t)− i∆τ{
∑
m>0
(−1)m
m2
[Ψ(x+m`, t) + Ψ(x−m`, t)
− 2Ψ(x, t)] + η(x)Ψ(x, t)}+O((∆τ)2), (60)
where ∆τ ≡ h¯∆t/(M`2) denotes the time step parameter in numerical calcula-
tion, and η(x) is defined as
η(x) =
M`2U(x)
h¯2
=
(k0`)
2U(x)
2E0
. (61)
As long as ∆τ is small enough the numerical calculation based on (60) should
give an accurate and sensible result, and does not depend on the lattice spacing
` directly. On the other hand, if the standard central difference equation is
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used in numerical calculation, then Ψ(x, t + ∆t) is merely determined by the
wavefunction at the previous time t at site x and its nearest neighbors x± `
Ψ(x, t+ ∆t) = Ψ(x, t)− i∆τ{Ψ(x, t)− 1
2
[Ψ(x+ `, t) + Ψ(x− `, t)]
+ η(x)Ψ(x, t)}+O((∆τ)2). (62)
Numerical calculation based on (62) needs not only the enough small value of
∆τ but also the condition |k0`| < 0.35. Unlike the use of the exact discretiza-
tion in (60), a suitable choice of the spatial lattice spacing ` is important in
getting a reasonable numerical result. The condition |k0`| < 0.35 guarantees50
that the theory described by the standard central difference equation is close
to the conventional Schro¨dinger field theory. Actually, the discrepancy in free
particle’s energy between the two theories is less than one percent if |k0`| < 0.35
is satisfied. From the aspect of numerical calculation, the most important dif-
ference between the two discretization methods is the non-local nature in the55
exact discretization method. In (60), Ψ(x, t + ∆t) is determined by the same
wavefunction at all spatial lattice sites in the previous time moment t. It is very
different from the standard central discretization in which Ψ(x, t + ∆t) is only
determined by the wavefunction at the same and the nearest neighboring sites
in the previous time t. Thus a numerical calculation based on the exact dis-60
cretization formula usually takes a much longer execution time than that based
on the standard central difference equation.
Fig.2 shows the reflected and transmitted wave of an incident wave packet
passing through a potential barrier that is located at the center of space with
height U and barrier width W = 10`. The space is one-dimensional with N =
500 lattice sites and the lattice spacing is set as ` = 1. The average energy E0
for the incident particle is chosen as E0/U = pi
2/8.0 with k0 = pi/6, and the
standard deviation σ of the probability distribution of the initial wave packet
is σ = 15`. By choosing the time step ∆τ = 0.001, the numerical calculation
based on (60) gives the transmission probability
P(transmission) = 0.654, (63)
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Figure 2: Quantum scattering of a wave packet through a potential barrier of height U and
width W = 10`, with ` = 1. The bell-shaped incident wave packet (probability distribution:
dashed line) has the average energy E0 with E0/U = pi2/8.0, k0 = pi/6, and σ = 15`. The
reflected and transmitted wave (probability distribution) is shown as the solid line in the
figure. The potential locates between the lattice site 251 and 261.
a value that is close to 0.632 by theoretical calculation
Pth(transmission) =
∫
dk
4εk(εk − U)|Φ(k)|2
4εk(εk − U) + U2 sin2(α(k)W )
, (64)
where W denotes the width of the square potential, and
α(k) =
√
2M(εk − U)
h¯2
(65)
could be either real or imaginary depending on whether (εk − U) is positive
or negative. The numerical calculation which is based on the standard central
difference equation gives 0.603 for the transmission probability, about 5 percents65
lower than the theoretical value. The accuracy can be enhanced further to give
0.633 for the transmission probability if ` = 1/3 is chosen and the space has
1500 lattice sites. The value of k0` is reduced from pi/6 > 0.35 for ` = 1 to
pi/18 < 0.35 for ` = 1/3. Smaller value of k0` usually leads to the numerical
result with higher accuracy as expected.70
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Other than the aspect of numerical calculation, the exact discretized Schro¨dinger
equation does present a non-local transport behavior of particles. In the Schro¨dinger
field theory, a spatially localized quantum particle at location x can jump to
any location x+m` (m 6= 0) with a probability in a short time ∆t
Prob(x→ x+m`) =
(
h¯∆t
Mm2`2
)2
, (66)
not just jump to its nearest neighboring sites. With the probability, the expected
value of m2`2 is
〈m2`2〉 =
(
h¯pi∆t√
3M`
)2
. (67)
It implies that, in a short time interval ∆t, the standard deviation of the jumping
distance for the highly localized particle is h¯pi∆t/(
√
3M`). Thus the standard
deviation of the momentum P for the localized particle is ∆P = h¯pi/(
√
3`), and
the uncertainty relation holds
(∆P )` =
h¯pi√
3
> ∆P∆x ≥ h¯
2
. (68)
5. Conclusion
In this paper we show that the exact discrete analogue of Schro¨dinger equa-
tion can be derived naturally from the Hamiltonian operator that is given in
momentum representation after the second quantization of the Schro¨dinger field
theory. By defining the field operators ax and a
†
x to be the discrete Fourier trans-75
forms of ak and a
†
k, the Hamiltonian operators can be transformed into that in
position representation. The exact discretized Schro¨dinger equation is then eas-
ily derived from time evolution of quantum states. The position and momentum
operators are also constructed in position representation in the paper. The com-
mutator relation between the two operators in discrete space is also derived and80
found to be different from the conventional commutator relation in continuous
space. This results from the fact that both momentum and position eigenkets
can be the single-particle quantum states for the Schro¨dinger field theory in
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discrete space. In the continuous limit (N → ∞, ` → 0), the commutator rela-
tion in discrete space is shown to go back to the conventional one in continuous85
space. Though in the paper we assume that the creation and annihilation op-
erator satisfy bosonic quantization relation [ak, a
†
k′ ] = δkk′ , the results in the
previous sections including the exact discrete analogue of Schro¨dinger equation,
and the commutation relation between position and momentum operator, are
remained the same with fermionic quantization relation {ak, a†k′} = δkk′ .90
A comparison between the exact discrete analogue of Schrodinger equation
and the standard central difference equation is made by numerically studying
the transmission probability for a particle passing through a square potential
barrier in one dimensional space. In the quantum scattering problem, both
discretization schemes give sensible and accurate results as compared to the-95
oretical calculation. Usually it will take more computation time when using
exact discretization formula in numerical calculation since it needs one to sum
up contributions from the wavefunctions at all spatial sites. On the other hand,
the condition |k0`| < 0.35 must be satisfied if we want to have an accurate
numerical result by using the standard central difference equation. Sometimes100
it means that a smaller lattice spacing ` and thus a larger number of spatial
lattice sites must be chosen in numerical calculation.
Conceptually, the exact discretized Schro¨dinger equation is more quantum-
like than the standard central discretization since it allows particles to jump
to remote sites via the hopping interaction terms a†x+m`ax in the Hamiltonian105
operator. The hopping interactions origin from the free Hamiltonian operator
and play important roles in particle transport. The theory that leads to the
standard central discretization simply does not have such hopping terms except
for the jumps to nearest neighboring sites a†x±`ax.
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